ABSTRACT: We consider the quark anti-quark potential on the three sphere in planar x a R SYM and the associated vacuum potential in the near BPS limit with L units of R-charge. The associated Bremsstrahlung function B L has been recently computed analytically by means of the Thermodynamical Bethe Ansatz. We discuss it at strong coupling by computing it at large but finite L. We provide strong support to a special symmetry of the Bremsstrahlung function under the formal discrete Z P symmetry L 3 I L. In this context, it is the counterpart of the reciprocity invariance discovered in the past in the spectrum of various gauge invariant composite operators. The Z P symmetry has remarkable consequences in the scaling limit where L is taken to be large with fixed ratio to the 't Hooft coupling. This limit organizes in inverse powers of the coupling and resembles the semiclassical expansion of the dual string theory which is indeed known to capture the leading classical term. We show that the various higher-order contributions to the Bremsstrahlung function obey several constraints and, in particular, the next-to-leading term, formally associated with the string one-loop correction, is completely determined by the classical contribution. The large L limit at strong coupling is also discussed.
Introduction and Results
The application of integrability methods to realistic quantum field theories has a long history and started within the QCD context several decades ago [1, 2] . Due to the paramount importance of AdS/CFT, it has been reconsidered somewhat later in planar x a R super Yang-Mills theory [3] . From that moment, integrability has become a very common and useful tool to investigate strongly coupled gauge theories and their relation with string theory in the AdS/CFT perspective [4] .
On the gauge theory side of the correspondence, integrability allows a deep understanding of several observables including the spectrum of gauge invariant composite operators, Wilson loops of various sorts, scattering amplitudes and correlation functions. In particular, the spectral problem is essentially solved non perturbatively due to the powerful machinery developed in [5] [6] [7] [8] [9] [10] among others. Technically, the spectral problem is reformulated in terms of the Y-system which is an infinite set of functional equations supplemented with definite analytical properties [11, 12] .
The very same methods that have been developed for the spectrum calculation of x a R SYM on S Q can be applied to a different kind of observables related to the spectrum of the color flux between external quarks on S Q [13, 14] . The vacuum energy of that flux is the same as the generalized cusp anomalous dimension cusp . This quantity has been introduced by Polyakov in [15] and is the conformal dimension of a quark and anti-quark Wilson lines meeting at a cusp. Schematically, hWi a £ IR £ UV cusp ; (1.1) where W is the cusped Wilson loop and £ UV, IR are short and long distance cutoffs. The generalized cusp anomalous dimension is a close relative of the conventional QCD cusp anomalous dimension [16, 17] that governs the scaling behavior of various gauge invariant quantities like logarithmic growth of the anomalous dimensions of high-spin Wilson operators, Sudakov asymptotics of elastic form factors, the gluon Regge trajectory, infrared singularities of on-shell scattering amplitudes and is one of the first observables computed at all orders in perturbation theory using integrability [5] .
The cusp anomalous dimension is a function of two angles, and [18] . The first angle, , is the angle between the quark and antiquark lines meeting at the cusp. The second angle, , characterizes the coupling to scalar fields in the locally supersymmetric Wilson lines. Indeed, the six real scalars of x a R SYM involve a coupling which is a unit vectorñ identifying a point of S S . Thus, the quark-antiquark lines are associated to two different vectors,ñ andñ , with being the angle between them. where the function B H is known as the Bremsstrahlung function [20, 21] and controls the power radiation of an accelerating quark. The Bremsstrahlung function has been computed exactly in [20, 21] using results from localization [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In the planar limit, it reads B H @gA a g P I I Q @RgA I I @RgA (1.4) where I n are modified Bessel functions of the first kind.
A non-perturbative description of cusp has been obtained in [13, 14] where an infinite system of thermodynamical Bethe Ansatz (TBA) integral equations has been derived to compute cusp at any coupling g and angles ; . The TBA formulation actually considers a generalization of the described set-up where a local operator with R-charge L is inserted at the cusp
where Z a¨I C i¨P, with¨I and¨P being two scalars independent from~¡ñ and~¡ñ . The associated anomalous dimension L @gY ; A is computed as the vacuum energy by the TBA equations exactly at any value of the parameter L which plays the role of the system size in the TBA language. For L a H, one recovers the usual quark-antiquark potential, see for instance [35] . From L @gY ; A, one can go in the above small angle limits ( 3 H; a H) and define a generalized Bremsstrahlung function B L @gA.
In the remarkable paper [36] , the function B L @gA has been computed analytically for all g and L by exploiting the relevant simplifications that occur in the TBA equations in the small angle limit. Later, in [37] , the method has been extended to cover the case of a non zero angle. This is non trivial and is based on the reduction of the TBA problem to a finite set of equations, known as FiNLIE [12] , as well as the very recent further reduction called P-system [38] .
In this short paper, we build on the results of [36, 37] and analyze a special property of the Bremsstrahlung function at strong coupling that has interesting consequences. Let us first consider the a H case for simplicity. An intriguing remark in [36] This kind of expansions reminds the similar semiclassical expansion in the dual string theory in terms of the semiclassical charges that are scaled by g (see for instance the discussion in [39] ). The classical term b H @vA involves (all) the leading coefficients c n;n and can be computed exactly by solving the equations of the dual classical string theory as in [13] with full agreement. Similarly, it is very tempting to associate the functions b p @vA to higher loop corrections in string theory. This approach is definitely non trivial since it compares two different orders of limits (large L and large g). It may encounter obstructions and be only partially valid depending on the degree of protection of the involved coefficients [40] . With these remarks being understood, we shall be calling b p @vA a p-th The simplest hint that some non-renormalization properties are at work is provided by the one-loop term b I @vA that involves all subleading coefficients c n;n I . Its leading term at small v is b I;H and this coefficient turns out to be in agreement with the worldsheet explicit one-loop string calculation of [35] . In principle, the complete determination of b I @vA could be attempted by extending the methods of that paper. Here, we stay in the gauge theory and show that b I @vA is indeed fully determined by the classical term. Actually, there is a full set of constraints that allow to express all odd functions b PnCI @vA in terms of the even ones b Pn @vA. The constraints read
and so on. In particular, the one-loop function is trivially computable from the classical b H @vA. This surprising result is a consequence of a strong coupling Z P symmetry of B L @gA that can be written 1 B L @gA a B I L @ gA :
In principle, the parameter L is a non negative integer, but it is clear that the structure (1.6) allows for a non ambiguous continuation to negative integers. This relation loosely reminds an analogous invariance known as reciprocity invariance. It appears in the spectrum calculation of various anomalous dimensions of gauge invariant composite operators of x a R SYM [44] (see also [45] and references therein). At weak coupling, the leading term of B L @gA is the leading Lüscher correction computed in [20] . After some manipulations, it can be written as Pg PLCP @P PL PA PL . This form allows for analytic continuation in L, but no special symmetry is apparent.
The plan of the paper is the following. In Sec. (2), we give some preliminary definitions. In Sec. (3), we show how to efficiently compute B L at strong coupling. In Sec. (4), we present our main results, including a discussion of the Z P symmetry. Finally, in Sec. (5), we discuss the relations (1.9).
Preliminary definitions
According to the results in [36] , the Bremsstrahlung function B L @gA is
1 One could look for a similar relation in the exact formula for the so-called slope describing the small spin limit of the minimal scaling dimension of twist L Wilson operators in the sl(2) sector of the planar x = 4 SYM theory [41] [42] [43] . However, that expression has a L dependence which is much simpler than that of BL and no special symmetry in L can be found.
where R L is the following ratio of determinants 
3)
The meaning of the r.h.s for positive integer n is just that of a bookkeeping for the expansion around g a I.
c) Iterative expansion of the linear problem in inverse powers of g. The large g expansion can be worked out systematically by the standard methods used in quantum mechanical degenerate perturbation theory. Let us denote for simplicity A T a S (standing for singular) , x a R g, and " a I p x . Also, let us make the replacement where, again, @PA P V H . Going on in this way, one efficiently determines the expansion vectors v @nA and extracts in the end its first component v@"A I .
Results and Z P invariance
By means of the methods that we have presented it is easy to compute the polynomials P p @LA at strong coupling for increasing L. In this way, we have confirmed the general structure in (1.6) by computing explicitly the polynomials for several values of L. The first cases, extending the results of [36] , are:
P S @LA a W P IT @IRL S C QSL R C PHL Q SL P ITL TA; 
Expanding the various monomials, we immediately deduce the relations (1.9) that can be checked on the results (4.11-4.16). The first term of the expansion reproduces the result of [13] for the leading Lüscher correction at strong coupling. The same expansion can be computed for the one-loop function b I @vA since its series expansion at v a H can be resummed using (1.10). The result is
Large v limit
where, again q is related to v by means of the second of (2. In Figure (1 Figure (2) shows the analysis of b P and b Q which turns out to be quite robust with respect to the degrees of the Padé approximants 3 . Thus, this method provides a simple way to obtain the complete numerical profile of all the functions b p @vA.
Turning on the sphere angle
The case of a non zero angle is discussed in [37] . Again the large coupling expansion of the Bremsstrahlung function can be arranged in the form:
TL C Q V @ P P A C Q P TL P C TL C I ¡ P P L@L C IA ¡ IPV P g @ P P A Q=P C f I SIP R g P @ P P A P It is straightforward to check that even in this more general case all the involved polynomials satisfy (4.18) order by order in the small expansion. We can therefore apply the same argument as in the a H case, and derive constraints like (1.9).
Conclusions
The main results of this short paper is the Z P symmetry (1.10) and its consequence (1.9) relating the functions b PnCI @vA to the even ones. Qualitatively, this is similar to what is found in the study of reciprocity invariance of various twist operators in x a R SYM.
There, the anomalous dimension is a function of the operator spin a @SA. Under a non-linear change of variable, one introduces a related function whose large S expansion involves only integer inverse powers of S@S C IA at any order in the coupling constant. This means that roughly half of the terms in the I=S expansion can be expressed by the other half. The relations (1.9) are claimed to be valid in the gauge theory and it would be very interesting to prove them by matrix model techniques as discussed in [36] in the case of the classical term. In principle, the discrete symmetry could also be investigated in the P-system [38] with the hope of being able to generalize it. Of course, the important open question is whether the functions b p @vA do indeed reproduce the various higher-loop semiclassical string computations. The formal equivalence of the expansion (1.7) with a semiclassical loop expansion in the string theory is intriguing, but only some terms could match the correspondence, beyond b I @HA that indeed passes the check. The simplicity of (1.9) holding in the gauge theory is remarkable and somewhat unexpected. An extension of the calculation in [35] could reveal whether it remains true in the dual string theory too.
